Abstract
A preferential arrangement of a finite set is an ordered partition. Associated with each such ordered partition is a chain of subsets or blocks endowed with a linear order. The chain may be split into sections by the introduction of a vertical bar, leading to the notion of a barred preferential arrangements. In this paper we derive some combinatorial identities satisfied by the number of possible barred preferential arrangements of an n-element set. We illustrate with some suitable examples highlighting some important consequences of the identities.
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introduction
The study of preferential arrangements in Combinatorics goes back to Cayley in [1] . Further studies of these objects were made by Gross [3] , Mendelson [4] and others. More recently Pippenger studied special kind of preferential arrangements and called them barred preferential arrangements in [7] . The same further generalised in [8] . In this paper we derive several identities using combinatorial arguments, thus answering a comments raised by Pippenger in [7] .In preliminaries we gather known results on preferential and barred preferential arrangements. In section 4 we state and prove several identities involving the number of barred preferential arrangements of an n-element set. In proving the identities we use combinatorial arguments. In section 5 we discuss some identities involving restricted barred preferential arrangements. Throughout the paper we illustrate the concept with some simple examples.
Preliminaries
In this section we collect all the preliminaries and known results setting up convenient notations for the discussion of barred preferential arrangements. We refer to the papers [8] and [7] for discussions and results on barred preferential arrangements.
1
• Preferential arrangement.
A partition of a set X n = {1, 2, . . . , n} with n elements is a collection of disjoint non-empty subsets whose union is X n . The subsets forming the partition are called blocks. If the blocks are arranged in a linear order, the ordered partition is referred as a preferential arrangement of X n . see [3] , [4] . For example, {{1}, {2, 3}} is a preferential arrangement of X 3 with two blocks with the natural ordering {1} ≤ {2, 3}. For convenience we write this preferential arrangement as 1 23, reading the block containing 1 comes first and the block containing 23 comes second.
From now onwards we will use the natural ordering of blocks as illustrated here.
A warning: The natural ordering of the numbers 1, 2, . . . , n in not relevant here but the ordering of the blocks are. Let Q n and J n denote the set of preferential arrangements of X n and the number of preferential arrangements of X n , so that |Q n | = J n . The numbers J n for n ∈ N 0 are also known as Fubini numbers and a list of values of J n for n = 0, 1, 2, . . . can be found in OEIS sequence number A000670, [6] . The number J n is interpreted as the number of outcomes in a race with n participants assuming all of them finish the race and ties are allowed [4] or the number of restricted preferential fuzzy subsets of X n , [5] . The numbers J n satisfy a recurrence relation with the initial condition J 0 = 1, or identity as a finite sum, see [4] or an infinite sum, see [3] or a closed form involving Stirling numbers of the second kind [7] , respectively
The idea of introducing bars in between the blocks of a preferential arrangement seems first to appear in [7] even though the numbers associated with counting barred preferential arrangements appear much earlier in the literature [2] . For example, some restrictions. Consider the following restriction on a preferential arrangement X of X n with m bars. There are m + 1 sections. We fix a specific section, say the (m + 1) th section, namely the last section. After fixing the section, we impose the restriction that every other section to have at most one block. We then preferentially arrange the elements of the blocks of the fixed section. we then call such a barred preferential arrangement a restricted barred preferential arrangement. We denote the set of all restricted barred preferential arrangements of X n having m bars by 
The identities
In this section we develop a number of interesting identities satisfied by J m n and for various non-negative integral values of n and m. The proofs are combinatorial arguments based on preferential arrangements. The first identity was found in [7] without proof or reference. Further the author of that paper states that such an identity can be proved combinatorially or otherwise. Here below we state and prove that result as a lemma. The left hand side of the identity can be interpreted combinatorially as outcomes in a race of n + 1 people ( assuming that all people finish the race ) [4] . The terms on the right hand side would correspond to races of n people, of which the people are preferentially arranged with respect to a single bar ( hence the superscript of J is 1 ). In proving the lemma, use a similar method to the one used in [4] in establishing equation (7)). We need to associate each term on the left with one term on the right and visa versa for the identity to hold. Therefore we first mark After putting the sums in theorem 1 in a Pascal like triangle for fixed values of m and n, we obtain the following corollaries.
We prove the corollary combinatorially by establishing a bijection between a set Q 1 2 whose cardinality is J . We denote by Q m n the set of barred preferential arrangements of a nelement set having m bar. We have, Q 1 2 = {|ab, ab|, a b|, b a|, |a b, |b a, a|b, b|a, }, |Q
In proving the corollary we generalise the method used in [8] in proving theorem 2.1 from a single label of a bar to a double label of a bar, in the following way. We consider a map 2. Then {0, 1} 2 labels at the top, the four elements of {0, Clear by marking the position of the elements a and b in an element X ∈ Q 1 2 , we can identify an element of {0, 1} 2 × {0, 1} 1 × Q 1 1 which is mapped to X. Hence the map in onto. So |{0, 1} 2 × {0,
Corollary 2. for m = 1 and n = 1 the identity holds,
We prove the corollary by considering a mapping f : Q We prove the corollary by establishing a bijection between a set Q 1 2 whose cardinality is J For the value m = 1, we have the following lemma, Lemma 3. for m = 1 and n ≥ 0 we have,
We consider a set H 1 n , which is the set of all barred preferential arrangements of an n element set having 1 bar, in which the first section has a maximum of one block each and the 2 nd section to be just a preferential arrangement of given elements not necessarily into one block (this is the only section with this property).
So the 2 nd section of each element of H 1 n is a free section. We also consider the set H 2 n , which is the set of all barred preferential arrangements of an n-element set, having 2 bars in which 2 fixed sections have a maximum of one block each and one section can have more than one block (the free section).
We now want to reconstruct H 2 n using elements of H The case m = 2 differs from the above two cases in the sense that a non-trivial constant term arises in the form of 2 n . Therefore we state and prove for the value m = 2, the following lemma, Lemma 4. for m = 2 and n ≥ 0 we have,
We consider a set H 2 n , which is the set of all barred preferential arrangements of an n element set having 2 bars, in which the first 2 sections have a maximum of one block each and the 3 rd section to be just a preferential arrangement of given elements not necessarily into one block( this is the only section with this property).
So the 3 rd section of each element of H 2 n is the free section. We also consider the set H 3 n , which is the set of all barred preferential arrangements of an n element set, having 3 bars in which 3 fixed sections have a maximum of one block each and one section can have more than one block( the free section). We now want to reconstruct H 3 n using elements of H th section of each element of H m n is the free section. We also consider the set H m+1 n , which is the set of all barred preferential arrangements of an n element set, having m+1 bars in which m+1 fixed sections have a maximum of one block each and one section can have more than one block(the free section).
We now want to reconstruct H m+1 n
